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Abstract: In using a CSMA (Carrier-Sense Multi-
Access) protocol in a packet radio network, we
cannot ignore the probability that the environ-
ment is so noisy that the channel state is mis-
detected. Similarly, with a BTMA (Busy-Tone
Multi-Access) protocol, we must take into account
the probability of misdetecting the busy or idle
state of the channel. The paper focuses on these
problems and tries to evaluate the throughput
performance in p-persistent access schemes, using
an iterative approximation method. Furthermore,
a new protocol is suggested, which can effectively
cope with the imperfect sensing property to
achieve an improved throughput by sensing the
channel in several consecutive slots.

1 Introduction

As with the recent proliferation of mobile cellular phones,
computer traffic through the wireless sky is attracting
more attention. However, since computer traffic is much
more bursty than the traffic of a telephone conversation,
the channel allocation scheme used by mobile cellular
phones may not be adequate for computers. Under such
a circumstance, a multiaccess scheme may be more
attractive for computer communication. Since the early
1970s, there have been many multiaccess protocols [1-8]
proposed in the literature for wireless communication.
Among these, CSMA and BTMA are good candidates for
packet radio networks. In this paper, we consider the p-
persistent access schemes under CSMA and BTMA pro-
tocols which are applied in a noisy environment, such
that the channel state may be misdetected.

A performance analysis of CSMA and BTMA can be
found in Reference 8. Here, Tobagi analysed the per-
formance of CSMA using a p-persistent access scheme,
assuming that the detection of the channel carrier will
always be correct. In the same work, Tobagi analysed the
performance of BTMA using a non-persistent protocol,
assuming that the detection of the channel is not perfect.
In this paper, we consider CSMA and BTMA using p-
persistent access schemes. The performance degradation
when the sensor makes mistakes is presented. This paper
shows that the throughput is very sensitive to the correct
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sensing of a busy channel. Based on this observation, we
propose a new protocol that improves the throughput
performance under noisy environments.

Renewal theory is used to find the throughput per-
formance. We define the idle period to be the time during
which the channel is idle and no terminals are ready for
transmission. An initial delay period is the time during
which the channel is idle but there is at least one ready
terminal trying to access the channel. A transmission
period is the time during which the channel is busy trans-
mitting. A packet transmission is successful only if there
is no collision during its transmission time. From the
above definition, we define a cycle to be the interval from
the beginning of one idle period until the beginning of the
next. Within a cycle, there is one idle period, several initial
delay periods and several transmission periods, as shown
in Fig. 1.

IP ID STP ID usTpP ID  STP

A

:-_L_hl\ L : l P l P B | 1 | 1 I ? ] 1 A
RO 0
pe cycle >

Fig. 1 An example of a cycle, showing idle periods, initial delay
periods and transmission periods
4 arrival
departure with transmission
i departure without transmission
IP: idle period
ID: initial delay period
STP: successful transmission period
USTP: unsuccessful transmission period
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Note that a packet may be rescheduled for
retransmission without being transmitted when the
channel is idle, as shown in Fig. 1. This is caused by a
busy station, which first detects the idle channel but does
not transmit, then misdetects the channel as being busy
(false alarm). The details of the protocol are provided in
Section 2. We define the normalised throughput to be the
expected fraction of the successful transmission time
during a cycle.

It is too complicated to obtain an exact solution for
such a system environment. This is because the length of
the ith initial delay period depends upon the number of
packets remaining from the (i — 1)th transmission period,
which depends on the number of packets remaining from
the (i — 1)th initial delay period, which again depends
upon the length of the (i — 1)th initial delay period, etc.
It is this coupling phenomenon that makes the analysis
difficult. An iterative approximation method is therefore
used to find the throughput performance, and some simu-
lation results are used to verify the approximation. The
approximation results are quite close to the simulation
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results for various system parameter values. Furthermore,
we also identify some features which are important in
implementation.

2 Channel model and the system characteristics

The model used for CSMA in this paper is a fully con-
nected packet radio network, and the traffic is between
terminal pairs. For BTMA, the model used is a hidden-
terminal model, that is, there is a central station with
many terminals surrounding it. The central station can
hear all the terminals and all the terminals can hear the
central station, but the terminals cannot hear each other.
Each terminal will try to transmit a packet to the central
station if there is one in its buffer. The central station
receives packets from the terminals but transmits none
back to the terminals. However, it will transmit a busy
tone on the busy-tone channel whenever it is receiving
signals from the data channel. In this paper, we ignore
the bandwidth required to transmit the busy tone; we
assume that the entire channel bandwidth is for normal
message transmission only.

For CSMA and BTMA, we assume that each terminal
has only one buffer; hence there will be no queuing at a
terminal. We also assume that there is an infinite number
of terminals. The arrival process to the set of terminals is
a Poisson process, and every packet has a fixed length.
The access prototol we use is p-persistent. The following
is a review of this protocol [9]. Time is allocated to fixed-
duration slots and all ready terminals are required to
begin their transmission only at the beginning of a slot. A
packet transmission takes N slots.

Consider a ready terminal: if this terminal senses the
channel to be idle, then with probability p, the terminal
transmits the packet. With probability 1 — p, the termin-
al delays the packet transmission by one slot. If at this
new point in time the channel is still detected as being
idle, the above process is repeated; otherwise, a packet
must have started transmission, and our terminal sched-
ules the retransmission of its packet according to the
retransmission delay distribution.

If the ready terminal senses the channel as being busy,
it waits until it becomes idle (at the end of the current
transmission) and then operates as above.

Based on the model description, the analysis of CSMA
will be the same as that of BTMA. Hence, everything
described below can be applied to both protocols. As we
do not assume that the detection will be always correct,
we define two parameters to specify this imperfect
sensing:

D = probability of correctly detecting a signal trans-
mission

F = probability of falsely detecting a signal transmis-
sion when there is no transmission (i.e. a false
alarm)

Obviously, the signal mentioned above is the busy tone
in BTMA, and is the packet transmission signal itself in
CSMA. There are a number of design parameters in this
model. We define G to be the total arrival rate during one
packet transmission time, and assume that the total
arrival process is Poisson. Hence, all the design param-
eters of this model are D, F, N, p, and G. Note that there
is a constraint on choosing N: we cannot choose N to be
arbitrarily large, since for CSMA the slot size cannot be
smaller than the one-way propagation delay. For BTMA,
the slot size cannot be smaller than twice the propagation
delay, as we need one propagation delay for the packet
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transmission from the terminal to the central station, and
one propagation delay for the busy-tone transmission
from the central station back to the terminals. For most
cases, N has a value between 20 and 100.

3 Model assumptions and analysis

In this section, we describe the assumptions made in the
approximation and the reasons to support those assump-
tions. From those assumptions, we are able to use an
iterative scheme to obtain the system throughput. The
detailed throughput analysis is provided in the Appendix.

3.1 Model assumptions

As the coupling of the initial delay periods and the trans-
mission periods mentioned in Section 1 makes the
analysis difficult, we break up this coupling by the follow-
ing two assumptions. We assume that a cycle consists of
one idle period, L initial delay periods and L transmis-
sion periods (L is a parameter to be computed). In order
to find the throughput, we must find the average length
of the idle period, the initial delay periods and the trans-
mission periods, and the fraction of successful transmis-
sion periods among all transmission periods. Although
the average length of the idle period can be found easily,
the average lengths of the initial delay and transmission
periods are not.

The first assumption we make is that all transmission
periods and initial delay periods have the same length
distribution, except the first one. The reason we make the
first initial delay period different is because it is started
by the packets which arrived in the last slot of the idle
period, whereas the other initial delay periods are started
by those ready terminals accumulated at the end of the
preceding transmission period. Similarly, the reason we
make the first transmission period different is because it
is started by those ready terminals accumulated at the
end of the first initial delay period, whereas the other
transmission periods are started by initial delay periods
which are not the first.

Secondly, we assume that a packet transmission can
be hit once at most, and the hit will occur right on the
tail of the packet transmission. This is a bold assumption,
but we will show why it is reasonable. Let us first define
A to be the probability that a transmission period is suc-
cessful, that is, a packet transmission is not hit (the hit
would have resulted in a collision) during the entire
transmission. If the value of A is high, say 4 > 0.8, then
the probability of a transmission being hit more than
once would be

1 — Prob[transmission is not hit]
— Prob[transmission is hit exactly once]

which equals 1 — A — A(1 — A) = (1 — A)%>. This prob-
ability will be smaller than 0.04 for this range of 4 values.
Thus, neglecting multiple hits is a reasonable assumption
when the value of 4 is high.

The other assumption, that of hitting right on the tail,
is justified as follows. As arrivals during a packet trans-
mission period are uniformly distributed, the number of
accumulated ready terminals which have the potential to
hit the transmission will keep increasing during the trans-
mission period, with respect to time. Hence, the probabil-
ity of the transmission being hit by these ready terminals
misdetecting the channel state is also an increasing func-
tion with respect to time. Therefore, if this transmission
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does get hit, it will tend to be hit closer to the tail of the
transmission period.

Furthermore, there is a mutual compensation for these
two assumptions, which motivates us to make the two
assumptions together. By assuming there can be one hit
at most during a transmission period, we underestimate
the length of the collided transmission period. However,
by assuming that the hit will happen exactly on the tail,
we overestimate the length of the collided transmission
period. Therefore, they tend to compensate each other to
reduce the error. More surprisingly, when the value of 4
is as small as 0.2 or 0.3, the results obtained from this
approximation are also fairly close to the simulation
results, although not as good as with a large value of A4.
This is also due to the mutual compensation effect.

Concerning a practical implementation issue, we
would always like to make the value of A high. The
reason is obvious, as we do not want the probability of
collision to be high because it will degrade the through-
put performance as well as the delay performance. By
making these assumptions, and by finding the value of A4,
we find that the average length of a transmission period
is [N x A + 2N(1 — A)] slots long, which equals (2 — A)N
slots long. Hence, the remaining task is to find the
average length of the initial delay period and the fraction
of successful transmission periods.

3.2 Flow of the analysis

To find the average length of the initial delay periods
takes more effort. The tool used here is a recursive
scheme using the following notation:

MID = the mean length of an initial delay period

NBI = number of ready terminals at the beginning of
an initial delay period

NBT = number of ready terminals at the beginning of
a transmission period

In the following, we explain how the iteration works. In
order to find the MID of the ith initial delay period, we
must find the NBI of the ith initial delay period.
However, in order to find the NBI of the ith initial delay
period, we have to find the NBT of the (i — 1)th trans-
mission period. Again, in order to find the NBT of the
(i — 1)th transmission period, we have to know the MID
of the (i — 1)th initial delay period and the NBI of the
(i — 1)th initial delay period. Here we see the recursion.

The strategy used here is to give an arbitrary value to
the NBI, then to proceed as described above to find the
MID of the initial delay period, and then the NBT. From
this NBT, we calculate the value of the NBI accordingly.
If this calculated NBI is different from the arbitrarily
assigned value of the NBI, we then repeat this process
using the calculated NBI to find another new calculated
NBI. This process is repeated until the NBI is stabilised.
By actually running more than 1000 sets of data, we
found that only two iterations were required to stabilise
these values. There is a good reason for this, which will
be shown during the derivation.

The flow of the algorithm is as follows:

(i) Calculate the average length of an idle period,
denoted as IP. In Reference 8, it is shown that

1
IP = e

(ii) Let NBI, be the NBI of the first initial delay
period. Note that NBI, is the number of packets that
arrive in the last slot of the idle period. Hence, NBI,
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equals
G/N

1 —eG/¢

We then find the expected length of the NBT of the first
initial delay period (denoted as MID, and NBT,) from
this NBI .

(iii) From NBT, we find 4,, which is the probability
that the first transmission period is a successful one, and
NBI, for the first transmission period. Then we use this
NBI, to be the initial NBI value to start the recursion.

(iv) Use NBI, to find the MID and the NBT. Use this
NBT to find a new set of A and NBI. Then compare this
NBI with NBI,. If the difference is greater than ¢ (¢ is a
precision parameter set by the user), we use the new NBI
to repeat this step until the NBI converges (4, NBT and
MID will also converge when the NBI converges).

(v) Having A, we can find the average length of the
transmission period as [N x A+ 2N(1 - A4)] =
(2 — A)N slots, by the approach described earlier.

(vi) The last step of this algorithm is to find the
average value of L, which can be found easily as shown in
the Appendix. Having all these, we finally find the
throughput S, applying renewal theory as follows:

S = Ao x N+(L—1)xAx N
" IP + MIDy + (L — 1) x MID
+Q—A)N +(L — 1) x 2 — AN
The details of the recursive analysis are provided in the

Appendix. In the next Section, some simulation results
are presented and discussed.

M

4 Simulation results and discussions

In this section we will compare the results derived both
from the analysis and from the simulations. For each
comparison we will change only one parameter and keep
the others unchanged to learn the effect of the changing
parameter. In Figs. 2-11, the solid line represents the
analytical results and the dots represent the simulation
results.

The first comparison is made by changing the value of
N, as shown in Figs. 2, 3, and 4. Note that Fig. 4 is the
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Fig. 3 Throughput versus N(D=09,F =0.1,p=001,G = 5)
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case when the detection is perfect,ie. D =1and F = 0. It
is shown in Fig. 4 that when the detection is perfect, the
throughput will keep increasing as N increases. Hence,
we should choose the slot size to be the propagation
delay, in order to have the largest value of N. However,

Q
3

throughput
o
»

o
w

0 1 1 i 1 1
1 21 41 61 81 101
N

Fig. 4 Throughput versus N(D =1,F =0,p = 0.01,G = 5)

from Figs. 2 and 3 we see that this is not the case when
the detection is not perfect. Here, some tradeoffs can be
seen. Larger N means a smalier slot size; hence, we can
shorten the idle period and the initial delay period, which
is good. However, a large N introduces an increased
probability that a transmission will be hit (that is, 1 — 4
increases), which is bad. From Figs. 2 and 3 we see that
both the analysis and the simulation indicate that the
throughput will increase sharply as N starts increasing
from 1, and then remain almost unchanged over a wide
range of N (e.g. N > 20). This result suggests that we
should choose N to have a moderate value, so that the
throughput curve starts to level off. By so doing, we have
a wider slot size and more time to detect the channel
state, which will increase the value of D and decrease the
value of F, which can further improve the throughput.
The second comparison is made by changing the value
of p, as shown in Figs. 5 and 6. From Fig. 6, we see that
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p
Fig. 5  Throughput versusp(N = 50,D =09,F = 0.1,G = 2)

the throughput is very sensitive to a change in p around
the peak when the traffic is high, but it is not so sensitive
when the traffic is low, as shown in Fig. 5. Therefore, we
must choose the value of p carefully, according to the
system traffic.

The third comparison is made by changing the value
of D, as shown in Figs. 7, 8, 9, and 10, and the last com-
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parison is made by changing the value of F, as shown in
Figs. 11, 12, 13, and 14. We put these two sets of com-
parisons together because there is a relation between D
and F. In Reference 10, it is shown that D is actually a
function of F:

D= Fl/l +u (2)
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Fig. 8 Throughput versus D(N =50, F =001,p=0.1,G=2)

In eqn. 2, p is the signal-to-noise ratio when the busy
tone is present over the entire detection time (also defined
as a window) on the busy-tone channel. The signal-to-
noise ratio is a function of the bandwidth of the busy-
tone channel. This equation shows that we can increase F
to increase D.
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We also arrange the values of p, G and N to be the
same for Figs. 7 and 11, so that we can make some com-
parisons. The same arrangements are made between Figs.
8 and 12, Figs. 9 and 13, and Figs. 10 and 14.
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Fig.9 Throughput versus D(N = 50, F = 0.1,p = 0.01,G = 10)
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Fig. 12  Throughput versus F (N = 50,D =0.9,p =0.1,G = 2)

Note that the throughput deteriorates significantly
when D is slightly deviated from 1 when other parameters
are fixed, and this behaviour is shown particularly in Fig.
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7. Also note that the throughput is rather insensitive to
F, as shown in Fig. 11. Figs. 7 and 11 suggest that we can
increase F to increase D, to improve the throughput in
the case where p=0.1, G = 5 and N = 50. However, in

throughput
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Throughput versus F (N = 50,D = 0.9, p = 001, G = 10)
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Fig. 14  Throughput versus F (N = 50,D = 09,p = 001,G = 5)

Fig. 12 it is shown that the throughput is also sensitive to
F. Hence, we cannot simply increase F to increase D and
hope for a throughput improvement in the case where
p=0.1, G=2 and N = 50. Moreover, Figs. 10 and 14
illustrate a totally different behaviour. In these two
figures, it is shown that the throughput is insensitive to D
but very sensitive to F in the case where p =001, G =5
and N = 50.

The reason for this is that if the value of F is much
higher than the value of p, then most of the arriving
packets will be rescheduled for retransmission before
being transmitted, since they detect a false alarm before
they get a chance to transmit. This effect will make the
initial delay period very long, and degrade the through-
put. If we increase the value of F under this circumstance
(as shown in Fig. 14), this effect would be even stronger
and decrease the throughput dramatically.

Observing from Figs. 7-14, we suggest a useful design
rule-of-thumb: when the product of G and p is high (say,
>0.5) then the throughput is very sensitive to D and
insensitive to F. This suggests that we should choose a
higher value of F to achieve a subsequent higher value of
D, to achieve a better throughput. On the contrary, if the
product of G and p is low (say, <0.05), then the through-
put is sensitive to F and insensitive to D. This suggests
that we should choose a lower value of F, even if it would
induce a lower value of D, to achieve a better throughput.
If the product of G and p is neither high nor low (say,

~ between 0.05 and 0.5) then the throughput is sensitive to
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both D and F. In this case we offer no rule of thumb in
choosing the values of D and F.

Usually, we prefer to have a higher value of 4 to
obtain a higher throughput. Also, we know that the value
of A depends heavily on the value of D. It is shown in
eqn. 2 that we can increase the value of D by increasing
the value of F, but the discussion above shows that we
cannot simply increase the value of F to increase the
value of D (and hence increase the value of A and the
throughput) without considering the negative effect on
throughput when F is increased.

5 A new protocol

From the preceeding Sections we know that the through-
put performance is poor when the value of D, and hence
A, is low. The reason for this is that when the value of A
is low, the packet transmission is easily hit by those ter-
minals which, due to errors, sense the channel state to be
idle. Each collision costs at least N slots, and these costly
collisions reduce the throughput.

In order to improve the throughput, we would like to
increase the value of A. In the preceding Sections we
showed several ways of increasing the value of 4. One
way is by decreasing the value of N, but from Figs. 2, 3
and 4 we can see that it might be costly when the value of
N is lower than a critical value.

Another way is to increase the value of F, increasing
the value of D and hence increasing the value of A.
Again, we have shown that under some circumstances, it
would also be costly by increasing the value of F. Figs. 13
and 14 are some examples.

Here, we propose a new protocol which can increase
the value of A without affecting any other parameters.
This new protocol is only slightly different from the orig-
inal one, in that in the new protocol, every ready terminal
will transmit only after a fixed number of consecutive idle
states (NOI) is detected. By so doing, we reduce the prob-
ability of an ongoing transmission being hit, hence
increasing the value of A. The throughput analysis of the
new protocol is basically identical to the one we aiready
derived.

Fig. 15 shows the improvement of this protocol over
the original protocol by changing G with NOI equal to 1,

0.8}

NO[=3

throughput

Fig. 16  Throughput versus G for different NOIs (N = 50, D =09,
F=0.1,p=005)

2, and 3, respectively. For higher values of NOIs (say
NOI =4, 5 or 6), the maximum throughput is about the
same as that achieved with NOI = 3. The reason for this
is that when NOI = 3, the value of A4 is very close to 1,
already at the optimal point. Increasing the value of NOI,
therefore, will not improve the throughput any further.

294

This protocol also incurs a negative effect. When the
channel state is idle, each ready terminals needs at least
NOI — 1 more slots before transmission than the original
protocol. This makes the initial delay period longer and
tends to make the throughput poorer. Fig. 15 shows this
phenomenon when NOI = 15. However, if we choose the
value of NOI to be much smaller than the value of N,
then the positive effect predominates over the negative
effect and will enhance the throughput.

6 Conclusions

This paper investigates a method to find the throughput
of a single-hop packet radio network with imperfect
sensing for certain p-persistent protocols, a real-life situ-
ation. The reason for the discrepancies between the ana-
lytical results and the simulation results comes from the
assumption of ‘hitting right on the tail’ and of ‘omitting
multiple hits’. However, the analytical method has suc-
cessfully captured some important characteristics of the
system behaviour (e.g. the sharp rise of the curves in Figs.
6 and 7 as D approaches unity) and has also achieved
results reasonably close to the simulation results. From
these results, we propose some rules-of-thumb in choos-
ing the system parameters to obtain a better per-
formance. A new protocol is proposed for this, which is
intuitively reasonable and indeed has better performance,
as shown by the simulations.
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9 Appendix: Recursive analysis of the throughput

To obtain the throughput expression, we have to find the
values of A, NBI, MID, NBT and L. The following nota-
tion is defined:

HB(m, k) is the probability of a transmission being hit
in any slot from k to m by a packet arriving in the kth
slot of that transmission, given that the length of the
transmission period equals m slots.
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HI(k) is the probability that a packet does not trans-
mit for at least (k > 0) slots after its arrival, given the
channel is actually idle.

S(m, k) is the probability that a packet which arrives at
the kth slot of a transmission period, stays without
leaving (scheduled for retransmission before transmitting)
or transmitting during the transmission, given that the
length of the transmission period is m slots long.

From these definitions, we have
HB(m, k) = Bp + (DD_p + D_qD_p) 44 (Dm—kﬁp
-+ D""k_lﬁqbp 4+ 4 D—m*kqukﬁp)
D2 N \m—k+1
D'pa_ [1 _Dgm 7

Dg—D 1 - Dgq
D1 Dm—k+1
~Bq D :I (3

HI(k) = Fp + (FFp + FqFp) + - --
+(F< 'Fp+---+ FF ¢ 'Fp)
_ _Fpq
Fq—F
1 — (Fg)f

=1

S(m, k) = D""**1 4 D""*Dgq
+ Dm—k—l(Dq)2 + 4 (D"q)m—k+1
Dm—k+2 _D_qm~k+2
B D — Dq

@

Further, we define the following key notation:

A(K) is the probability that a transmission period is
successful, given that there are K ready terminals to start
this transmission period.

NBI(m, K) is the average number of packets remaining
at the end of a transmission period, given that there are
K ready terminals at the beginning of that transmission,
and the length of the transmission period is m slots.

MID(K) is the average length of the initial delay
period, given that there are K ready terminals at the
beginning of the initial delay period.

NBT(M, K) is the average number of ready terminals
at the beginning of a transmission period, which is also
the average number of ready terminals accumulated at
the end of the previous initial delay period, given that
MID equals M slots and there are K ready terminals at
the very beginning of that initial delay period.

R(m, K) is the probability that there are no ready ter-
minals waiting at the end of a transmission period, there
are K ready terminals at the beginning of the transmis-
sion period, and the transmission period is m slots long.

From these definitions, we have the following:

Lemma 1:
A(K) = K x Fp x (1 — Fpy*~?
« {1 - Dol = DN s
1—Dgq j=1
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Lemma 2:
(Dg)"
NBI(m, K) = K x T— HB(m, 1)
G m S(m, k)

N L T HBm B ©)

Proof: To find NBI(m, K), we first find the probability
that a packet which is accumulated from the previous
initial delay period will stay until the end of the transmis-
sion period, given it does not hit the transmission; we
then multiply this probability by K. Also, we find this
probability for those terminals which become ready
during the transmission period, and multiply this prob-
ability by G/N, which is the average number of arrivals
per slot. Summing up these two values, we obtain NBI(m,
K).

NBI(m, K) = K x Prob[stay | not transmit]

"G .
+ Y, N Prob[stay | not transmit]}
k=1

_g_ D" G
_Kl—HB(m,1)+N
i S(m, k)

X k;, 1 — HB(m, k) QED
In order to find MID(K), we first define ID(K) to be the
length of an initial delay period, given that there are K
ready terminals at the beginning of that initial delay
period. We will find Prob[ID(K) > i] for all i from zero
to infinity. Obviously, Prob[ID(K) > 0] = 1. Fori > 0,

Prob[ID(K) > i}
= Prob[K ready terminals do not transmit for at
least i slots]

x [] Prob[any packets that arrive in the jth

j=1
slot do not transmit for at least (i — j + 1)
slots])

N ®© (G/N)" —(G/N)
— (HIGKT] {Z O " thg—j+ 1)1"}
Jj=1 ln ‘

=0

Hence
Prob[ID(K) > i]
1 ifi=0
,. (©)
HI(H)X He"‘”"’“ CHIG=+D jf i 0
j=1
From these results, we have the following:
Lemma 3:
PO
MID(K) = Z Prob[ID(K) > i] )
i=0
Lemma 4:

FM — (Fg™

* S HIM — 1)F — Fq)

M pM-j+1 __(F’vq)M—j+1
igl HI(M — jXF — Fq) ]

NBT(M, K) = Max [1 K
+ g
N
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Proof: The way to find NBT(M, K) is similar to the way
of finding NBI(m, K), as shown in eqn. 5. Moreover, it is
clear that unity must be a lower bound for NBT, since
each transmission period must be started by at least one

ready terminal. QED
Lemma 5:
R(m, K) = [1 — (Dg)™IX[] e~ tc/Mstmb @®)
k=1

Proof: To find R(m, K) we have to find the probability
that all K ready terminals will leave the system
(scheduled for retransmission) before the transmission
period ends. Further, we also have to find the probability
that all terminals which become ready during the trans-
mission will leave the system before the transmission
period ends. Hence,

R(m, K) = Prob[all K ready terminals leave]

x Prob[all new coming packets during
transmission leave]

= [1 — (Dg)"}*Prob[all new coming packets
during transmission leave]

= [1 — (Dgr ¥
© (G/N)ne—(G/N)

% kljl {,,Z n!

=0

[1 — S(m, k)]"}

— [1 _ (D‘q)m]l( H e—(G/N)S(m,k) QED
k=1

Lemma 6: L = 1/R(m, K).
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Proof: Having R(m, K), we know that the probability of a
cycle containing exactly k transmission periods is
[1 — R(m, K)]*"'R(m, K). We can also find the expected
number of transmission periods in a cycle, as 1/R(m, K),
which is the value of L defined earlier. QED

Having all these lemmas, we are ready to find the
system throughput. In order to obtain the average values
of the parameters 4, B, NBI, MID, NBT and R, we have
to uncondition on m, K and M for A(K), NBI(m, K),
MID(K), NBT(M, K), and R(m, K). Unfortunately, we
cannot find the distributions of these three random vari-
ables, m, K and M. Hence, we are forced to make an
approximation and to justify the error of this approx-
imation by simulation. The approximation we use is as
follows: although we cannot find the distributions of m,
K and M, we are still able to find the mean values of m,
K and M by the iterative method described in Section
3.2. Denote the mean values of m, K and M to be m, K
and M. We then take A(K), NBI(m, K), MID(K),
NBT(M, K) and R(m, K) as the values for 4, NBI, MID,
NBT and R, respectively.

We can now find the throughput using these approx-
imations. In a cycle, there is one idle period, L transmis-
sion periods and L initial delay periods. The average
length of a transmission period is (2 — A)N, which is the
parameter ‘n’ used in eqns. 3, 4, 5 and 8. The probability
that a transmission period is successful is A. Since the
first transmission period and the first initial delay period
in the cycle are different from the other transmission
periods and initial delay periods, if we define 4, to be
probability that the first transmission period is successful,
and define MID, to be the expected length of the first
initial delay period, then the throughput S can be
obtained as shown in eqn. 1.
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